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ON THE CONTROLLED ROTATION OF A SYSTEM OF TWO RIGID BODIES
WITH ELASTIC ELEMENTS

V.E. BERBYUK

The problem of controlling the plane rotational motions of two rigid bodies
connected by an elastic rod is studied. One end of the rod is attached to
the support by a hinge with a spring, the latter modelling the elastic
compliance of the fastening, and the other end is rigidly joined to the load.
The Hamilton principle is used to obtain the integrodifferential equations
and boundary conditions describing the motion of the system support - spring -
rod - load. The following problem is posed: it is required to rotate the
system by a given angle by means of the controlling force moment, with
quenching of the relative oscillations of the load elements which appear

as a result of the deformability of the rod and of the elastic torsion of
the spring. Similar problem arise in the study of the dynamics and control
of the motion of devices used in transporting loads through space (robots,
manipulators, load lifting machines, etc.). In computing their control
modes a significant part is played not only by the deformability of the
elements /l~3/, but also by the elastic compliance of the connecting

joints /4/. Asymptotic methods are used to botain a solution of the

control problem in question for two limiting cases: 1) the mass of the

load carried is much greater than the mass of the rod and support, and 2)
the rod has high flexural rigidity. The results obtained represent a
development and generalization of the results obtained in /5/. The

problems of the dynamics and contrcl of oscillating systems with distributed
parameters were investigated using various types of formulation in a number
of papers (/5~13/et. al.).

1. Description of the model and the equations of motion. wWe consider a mechan-
ical system consisting of two rigid bodies connected
by a rod of variable cross-section. The system can
execute rotational motions in some plane (Fig.l). One
end of the rod is attached to the support G,. by means
of a hinge with a weightless spring, modelling the
elastic compliance of the joint. The other end is
rigidly fixed to the load G, whose linear dimensions
are small compared with the length of the rod. The
0,Z, ~axis, perpendicular to the plane of the motion
represents the axis of rotation, with respect to which
the moment of control forces M (t) is applied. We
introduce the 0OXYZ coordinate system with origin
at the centre of the hinge (point 0), rotating in the
inertial O,X,Y,Z, space together with the spring and
rod. We direct the OX axis along the tangent to the
neutral line of the rod at the point O, and the 0Z
axis along the O,Z, axis of rotation. We assume that
the motion of the model is described in the framework
of the linear theory of thin rectilinear, inextensible

Fig.l
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rods /6, 10/.

We introduce the following notation (Fig.l): x is the abscissa of the point P in the
moving OXY (0 < z < I) coordinate system where l is the rod length, p (z) is the linear density,
E is Young's modulus, I {r) is the moment of inertia of the transverse cross—section relative
to the axis perpendicular to the plane of flexure,J; is the moment of inertia of the body G,
relative to the axis of rotation, a is the distance between the axis of rotation and the point
0, m is the mass of the load &,, ¢ is the reduced angular coefficient of rigidity of the
spring, ¢ is the angle of rotation of the support body, 6 is the additional angular displace-
ment of the rod due to the compliance of the hinge measured from the line 0,0 to the 0X axis
{(the angle of twist of the spring 8 =0 corresponds to its stress-free state), wu{z, f) is the
displacement vector of the point P of the elastic rod with coordinate x at the instant of time

t, u(z,t), —v(z,t) is its projection on the axes of the O(OXY coordinate system.

The inextensibility of the rod yields the following relation:

Uy (2, §) = =Y, (z, 1) (1.1)

Here and henceforth the index x denotes the corresponding partial derivative.
Let us derive the equations of motion of the mechanical system in question. Let P denote
any point of the rod. The absolute velocity of the point P is

Viz,) =V, 4+ @, X (1.2)

where V, is its relative velocity, @; is the angular velocity of the moving coordinate system
relative to the inertial frame of reference, and r is the radius vector of P at the instant
t. We have the following coordinate representation (in the linear approximation in 8) for
the vectors r,®,, ¥, in the QXYZ system:

Q-+ Z - 0 Uy
t=01P.= -0 —af , Oy == 0.+e. N Vl'= g-v,—ae' (1.3}
¢

A dot and the subscript t denote, respectively, the total derivative and the partial time
derivative.

Using (1.2), (1.3) and eleiminating the longitudinal vibrations u{(z,?) with help of rela-
tion (1.1} we arrive, after some reduction, at the following expression for the kinetic energy
with an accuracy up to and including terms of the second order of smallness:

T =379 + 4§ (02 000 + 0+ [or— (a0 g = 8T — (1.4

Ly T

¢% (2) v €z + - {9 [0 + v {1, Y + [v¢ (1, 1) — h” — IO}
Using the same assumptions, we obtain the potential energy of the system

4
M=ot + - { EL (7, de (1.5)
°

1
b@)=mh+{(e+9pl)ds, h=a+1

We derive the equations of motion using the Hamilton principle in the form

T
$67 — 811+ 8*4)dt =0 (1.6)
3

 Here 6T, O8Il are the variations in the kinetic and potential energy, 0*4 = M8p is the

elementary work done by the given non-potential forces and ¢ = 0, =t denotes the beginning
and end of the control process.

We note that the properties of the OXYZ coordinate system imply the relations
v(0,=0, v.(0,5=0 (1.7
Using (1.4), (1.5), (1.7) and integrating by parts (1.6), we obtain a stationary expres~
sion, the latter property yielding the following eguations and deficient boundary conditions:

i
J§" + T8 — mhvg (L, t) — $p(0) (2 + @) vys (2 ) dz =M (1) (1.8)

14
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i

8" + (¢ — myate?) 0= p (2) (avee + ag'2v) dz —

e+ m g (1 ) -+ a1, ]
B (@) vclex + 0 (@) vee = p (2) [t + (& + 0) 9] +
PO @) [0+ 28— (@ + 2)v,] + b (&) o)

E I (2) vy st = [0y — hop" — 18" + @ (A — aB — V)] |z 1.9)
Ve (1, 8) =0
where

13 I
=T+ mhk+$p@) (e +apde, m=m+p()dz
0 1]
1 !

Jg=mlh+Sp(z)q;(:c+a)da:, J3=m12+Sp(z)zzdx

0 0

The first equation of (1.8) expresses the theorem on the change in angular momentum of
the whole system relative to the 0,Z, axis, the second equation describes the torsion in
the hinge spring acted upon by the principal moment of the D'Alembert forces of inertia of
the load elements of the system, about the point O (in the linear approximation in 8, 0%, and
the third equation describes small elastic displacements of the points of the rod from their
equilibrium position. The boundary conditions (1.9) have a dynamic character and express the
equilibrium of the transverse force and the fact that there is no bending moment at the end
of the rod at z =l

To determine the motion of the system uniquely, we must specify the initial configuration
and velocity of the points of the neutral line of the rod for 0<Cz<{Il, and the initial values

of ¢,¢,80, 6%
v(z, 0) = f (), ve (7, 0) = g (2) (f (0) = £, (0) = O} {1.10)
9 (0) = ¢°, ¢"(0) = 9™ 0 (0) = 6° 0" (0) =6~ (1.11)

Thus the integrodifferential equations in partial derivatives (1.8) with the boundary
condition (1.7), (1.9) and initial condition (1.10), (1.ll) define uniquely, for the given
control M (t), the motion of the mechanical system in question.

when the hinge O has neither the support G;, nor a spring, i.e. when J, =a =20, 0 (f)=0,
(1.7) = (1.9) yield equations and boundary conditions for the controlled rotation of a rod /5/.

We can now formulate the following problem. We require to determine the control M (f) &=

M, which transfers the system, by virtue of (1.8) and boundary conditions (1.7), (1.9), from
its initial state (1.10), (l.1l) to the final state, with the relative displacements guenched
P(T) = @y, @ (1) =8 (1) =0 (1) =0 S a2
v, ) =v(z,)=0, =10, I (1.13)

Here M is a given fixed set of admissible values of the control.
The relations (1.7)—(1.9) imply that the system will remain at rest (1.12), (1.13) for
t > 1, provided that we then put M =0.

2. The problem of control in the quasistatic approximation. To study the

problem in question, it is convenient to change to dimensionless variables and parameters.

We introduce them in the following manner:
v =wt, 2 =, v =vl, I' =1, (2.1)
p' = plpy, ¢ = c/(mlv?), a’ = all.

Here v is the characteristic constant with dimensions of frequency, whose choice is
governed by the specific features of the problem, and [, p, are the characteristic parameters
of the problem, with the corresponding dimensions of inertia and linear density respectively.

We shall assume that the mass of the body G, and the rod is vanishingly small compared
with the mass of the load G,. Then, putting M’ = M/(mihv?¥) and choosing as v the quantity

v = (El/(ml®) characterising the frequency of the quasistatic oscillations of the system,
we obtain from (1.7)—(1.9) the following relations (the primes are omitted from the new
variables) :

(1 +a) @ + 0" — vy (1, ) = M (&) 2.2)
0"+ (c—agN 8 =va (1, ) — (1 +a) ¢" + ag v (L, 1) (2.3)
(@) vasher = (1 + @) @70ss (2.4)
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v(0,2) =0 (0,8) = Ve (1, ) =0 (2.5)
U (2) Varle ey = {0 —(1 + @) " — 6" + ¢* I(1 + @) va—
v — a@]} |x=1

In the present formulation the initial distribution of the points of the weightless rod
(0 < z<C1) and their velocities are not essential for the further motion of the load G,, and
we therefore have
v(1, O =7(1), n, (L) =g (1) (2.6)
v, )=, {1,7) =0 2.7y

The formulation of the initial and final conditions for ¢, ¢, 9,0° remains unchanged and
is given by relations (1.1l), (1.12).

Let us restrict ourselves to the case of [ (z) = I, = const , which is important in pract-
ice. Then taking (2.2) into account, we can write the solution for the boundary value problem
(2.4}, (2.5) in the form

vz, ) =M@ + a8 ()¢ N D (2, 9 (2.8)
tho {chwzr — 1) —shwz + oz e i4a
Oz, )= ¢ (7) (aw + b w) v o=9'() 1/ I

Let us integrate (2.2) term by term, taking into account the initial conditions (1.11)},
(2.6)

A+ a) (¢ —¢) + 0 —6"—v, (4,0 +g ()= M) ds (2.9)

[

(44 0) (9 —¢) 0 — 6 —[o” (1 +a) + 6" — g ()] 1 —
v, )+ i) ={t—9M(ds

Equation (2.3) taking (2.2) into account, can be written in the form
(¢ —a*™ 0 =ag™ (1,8) —M () {2.10)

Relations (2.8)—(2.10} yield the solution of the problem of control in the quasistatic
approximation, namely, the sufficient and necessary condition for the motion of the system
determined by the equations (2.2)—(2.4), and the boundary conditions (2.5), and the initial
conditions {(1.11), (2.6) which satisfy the final conditions {(1.12), {2.7), is, that the twice
differentiable function M (f) be chosen from the relations

(M@lat=g(1) — 6" — (1 + a)¢”, M(x)=0 (2.11)
¢

(t—H)M@)dt=F(1) + (1 + o) (s — ¢") — 8" —

[o"(1+e)+8"—g{1)]t
M(0)=f(1) @ (1, 0)— a2, M'(x)=0
M(O)=[g (1) — f (1) O, 0) O°(4, ()], 0)—~ag™ (8¢ "+ 206%™

S

Note that the initial conditicons for the twist of the spring and for the state of the
points of elastic rod are chosen, taking the specific constraints into account. For example,

when ¢ = 0% = 0 the condition of quasistatic equilibrium of the spring and rod with the load
G, , of the form 3/, (1) + ¢6° = 0, must hold. When a =0°=0" =0, the solution of the
problem of controlling the rotation of the elastic rod with a laod follows, in the guasistatic
approximation /5/, from (2.11).
Let us consider the important practical special case of zero initial conditions =6 =
Jly=g{l)=¢> = 0. Here, as (2.11) implies, the following relations must hold:

T
SM(t)cItmO, M) =M (0) =M (1) =M (x) =0 (2.12)
0

T
fe—0M@d=@+1)(@—9) (2.13)
0
Let the hinge O contain neither the support 6, nor the spring, and let the rod be
rigidly fixed at the point ¢,. Then, to rotate the loaded rod by an angle @, , with quenching
of the relative deflections of the load, the controlling moment M; (f) must be chosen from
conditions analogous to {2.12) and the relation /5/
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T
S(t—t)Ml(t)dt=cp‘—q>° (2.14)
1]

Taking (2.14) into account we obtain, from (2.13),
T
S(1;-—:)[M(t)—-l\h(t)]dt=a(¢p.—qa°) (2.15)
o

Since a(g, —¢°) >0, from (2.15) it follows that a time interval [4, 4], 0<t <t <7 exists
in which M (t) > M, (¢).

Thus to bring the mechanical system in question into the prescribed angular position,
taking the elastic compliance of the connecting hinge into account, requires an increase in
the controlling moment only in the case, when the hinge lies outside the axis of rotation
(a>0). If the hinge lies on the axis of rotation (¢ =0), then the same control force moment
chosen from the relations (2.12), (2.14) will bring the loaded rod into the prescribed angular
position in the case of a rigid hinge /5/, as well as in the case when the hinge exhibits a
concentrated elastic compliance.

3. Investigation of the problem of control in the case of large flexural
rigidity of the rod. wWe choose here v = (My/J)/* as v, and introduce a new control

M’ = M/M, ,where M, =sup; |M(¢) |. Then equations (1.8) in the new variables (2.1) will take
the form )
¥+ T = wu (1) —x { @)@ + @) vie (2, dz =M (1) (3.1)
0

' 1
07+ (11 — a¥s9) 0 =2 { p (2) (2ves + aqt0) dz —
0
T2 0"+ xa[vee (1,2) + agi (1, 9]
(1 () Vsxlex + wrpUe = prp {28” + (z + a) " +
1

@2+ a0 — (@ + 2)2]} + po s [ 1+ % pl5) 2+ 5)ds]
3 m mis malt
x=‘p0]—£—a x=-l;'l-9 x1=_ll'1 Xz=-%l‘, H=%‘%<1

The boundary and initial conditions are

v(0,8) =, (0,2) = vz (1, 5) =0 (3.2
H@Wase lem=mta{vee— (1 + )" —0"+ ¢*[(1 + a)ve —aB—V]}Hzmt
¢ (0) = ¢°, ¢ (0) = ¢°, 0 (0) = ub°, 6 (0) = pb° (3.3)

v (Iv O) = p’f (1’), U (I’ O) == P'g (I)
The conditions at the completion of the control process are given by (1.12}, (1.13) with

l=1.
We will construct the solution of the control problem, using the methods of perturbation
theory, in powers of the small parameter . We assume that

q= ‘lo+ [ H + p'z e (q = (q> (t)v B(t)’ v(z, t)v M (t))) (3.4)

When the flexural rigidity of the rod is infinitely large (u = 0), the points of the rod
undergo no relative displacements, i.e. v, (z,?) = 0. The motion of the system as a whole,
taking into account the only possible twist of the spring, is described by virtue of (3.1)~—
(3.3) by the following equations, and initial and final conditions (to terms of the order of

¢20):

o + L_,"'eo" == M, (t), ";—’90" + 1B = — -{Jl Qo (3.3)
Po(0)=¢", @’ (0)=9", 65(0)=28¢"(0)=0 (3.8)
Po(t) =104 Qo () =0 (t) =10y (x)=0 (3.7)

It can be shown that if the motion of the system is determined by (3.5) and initial condi-
tions (3.6), then the purpose of the motion will be achieved if and only if the control M, ()
is chosen from the relation

§Mo ®)sink (v —t)dt=0, My ()cosk(t—t)dt=0 (3.8)
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T T
(Mpat=—¢, (C—)M@dt=0,—¢"— ¢
[} 0
K = ey Jo/(JT s — J.B)
From (3.1)=(3.4) we obtain the following relations (to terms ¢,"%0,, ¢,*»,) for determining

the functions ¢y, &, v, M;:
1

o+ PO — i (L) —x @ @+ @) vane (3, ) dr = Ma ) (3.9)
¢
1
-!}-’- 8 ey =x S p(z) 2v1sedz — Jj’* Q"+ Xavaee (1, 2) (3.10)
¢
[7 () Vixz)ee = np {260 + (z - 2) 0™ (3.11)
v1{0, ) =01 (0, ) = vy (1, ) =0 (3.12)
[ (%) Vil b1 == — X1 [86” 4 (1 + @) 0"} (3.13)
(0= ({0)=0, 8,(0)=6" 6,(0)=6" (3.14)
v (2, 0) = f(2), vu (2, 0) = g (2) (3.15)
@)= (1) =6,(x)=8"(1)=0 (3.16)
niEn=v)=0 zI0,1] 3147
The solution of the boundary value problem (3.11)—(3.13) has the form
vy (z, 8) = 4 () 8" (1) + B (2) 9o” (1) (3.18)

x
r—s

a4@={3med B@=4a@+{ I meds

[]

na (@) =% (@ —5)sp(5) ds + 11 (1 — 2) — 21 + %2
¢
m(x}:mS(x—s}p(s)ds+ax1(1-—z)—-:cx3+m
[

1 1
x1=szp(x)dx, u2=xSx"‘p(x)dx
[ o

1
xs—-.:axgp(x)dx, = a%y
¢
Taking (3.5}, into account we can write the solution (3.18) in the form

v1 (2, )= Mo () As @) + 4 [ 1 B(2) — A (@] 8u () (3.19)
M@ =cd@+(1— ) B@, a=niils— J))
The control M, () is such, that 6,(f) satisfies the relation (3.7). Therefore, if we
demand, in addition, that conditions
Mo(t) =My (1) =0 (3.20)

hold, then from (3.19) it follows that the relative displacements of the points of the rod
will be quenched, i.e. conditions (3.17) will be satisfied.

Analysing the solution (3.19), taking (3.6} into account, we find that the initial condi-
tions (3.15) can be satisfied only when the following relations hold:

My (0) = f () 4,7 (2), M, (0) = g (2) 4,7 (2) (3.21)

Substituting 1 (2, ) obtained into the equations (3.9), (3.10), we obtain the following
relations for determining the remaining unknowns g, 6;, M, :

01" + T8 = My (1) + Bu [M,” (), 6™ (0)] (3.22)
20,7 ey = D2 [Mo” (1), 8" ()] — 22 "

Here ®,, ®, are known functions linear in M,", 8," determinable by virtue of (3.9),
(3.10), (3.19). Taking the initial conditions {3.14) into account we obtain, from (3.22),
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t
61 (1) =6°coskt + L_sinkt + § e () + @ ()] sink (t— ) ds (3.:

0

[
N
(98}

Oy = ¢, (1,0, — JDYIJ,

If we now require that conditions (3.16) hold, we obtain, from (3.23) , after some reduc-
tion, the following expressions for the unknown control M, (¢):

[e1My (1) + @s (£)] sin Akt dt = k6° (3.24)

[esM1 (2) + @3 ()] coshtdt = — 6

CC oy Oty

Integrating the first equation of (3.22) with respect to time and requiring that condi-
tions (3.14), (3.16) hold, we arrive at the following additional relations:

2

My (8) + Oy (1)) dt = — = 6~ (3.25)

[My (8) + @1 (8] (v — £} dt = — 2 (8° - 76°)

Swrla ot yd

Thus we have proved the following assertion. Let the motion of a mechanical system be
described by (3.1) and the boundary (3.2) and initial (3.3) conditions. Then the necessary
and sufficient condition for the motion to satisfy the conditions (1.12), (1.13) (for ! = 1) up to and
including terms of the order of pu, at the instant when the control process is completed is,
that the control M () = M, (t) + uM, (¢) where M, (f), My (f) be chosen from the relations (3.8),
(3.20), (3.21), (3.24), (3.25).

If the hinge has neither a support nor a spring, i.e. J;=a = 0(f)=0, then the solution
obtained yields a solution for the problem of the control of a loaded elastic rod in the case
of large flexural rigidity /5/.
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